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Abstract

We present some properties of the two-scale convergence in Sobolev spaces for a two-dimensional case.
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Tém tit

Trong bai bdo nay, chiing toi trinh bay mot sb tinh chét clia hoi tu two-scale trong cic khong gian Sobolev cho mot trudng

hop hai chiéu.
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1. Introduction

Consider a variable x = (x!,x%) and a
bounded reference domain Q in dimension two,
where Q is defined as Q' x Q% € R x R. When
the conventional weak limit cannot be used in
the context of the two-scale homogenization the-
ory, the two-scale limit [1], which Nguetseng de-
veloped in 1989, may be used instead. Keeping
this in mind, we first give a brief overview of
the usual weak convergence and weak two-scale
convergence before presenting some properties
of two-scale convergence in Sobolev spaces [2,

3, 4, 5], for the case of two dimensions.

2. Preliminaries

The collection {1,2} contains Latin indices.
Functions are represented by italic capitals (e.g.,
f), vector fields in R? and 2 x 2 matrix fields over
Q are symbolized by bolds letters (e.g., v and T).
Italic capital letters (e.g., L?(Q)), boldface Ro-
man capital letters (e.g., L), and special Roman
capital letters (e.g., L) are used to designate the
space of functions, vector fields, and 2 x 2 matrix
fields defined over Q = R?, respectively.
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We employ the following list of notations
throughout the study [2]:

» Y :=[0,1]? denotes the reference periodic
cell.

* C(Q) stands for the space of functions that
vanish at infinity.

o ngr(Y) represents the Y-periodic C*
vector-valued functions in R2. Herein, Y-
periodic implies 1-periodic in each vari-
able y',i=1,2.

* Hp(Y), being the closure for the H'-
norm of ngr(Y), describes the space of
vector-valued functions v € L?*(Y) such

that v(y) is Y-periodic in R?.

* The mean value of function v(y) is

1
(v)y = m/yv(y) dy,

where |Y'| denotes the volume of Y.

Hper(Y) := (v € Hpo, (Y) [ (0), = 0}.

* The - represents the canonical inner prod-
ucts in R? and R?*2,
1s

The form of Sobolev norm | - || w2
0

1
7.

2 2
||V||W(1)'2(Q) = (”v” + ”Vv"ﬂ_Z(Q)) )

L2(Q)
with Ivll2q) == lvlliezg), in which |v| is
the Euclidean norm of the 2-component vector-
valued function v, and [[Vvll2q) := [IVVll2q),
where |Vv| is the Frobenius norm of the 2 x 2 ma-
trix Vv . Recall that the Frobenius norm on L?(Q)
is expressed by IX2:=X-X=tr(X'X).

We let € be a natural small scale. Follow-
ing [6, 7, 8, 9], we investigate u.(x) € W(l)’z(Q)
depending only on x! in the form ue(x) =
u(x1), with Neumann type boundary conditions.
Thanks to [10], we do not distinguish between
a function on R and its extension to R? as a
function of the first variable alone. Assume that

1
X\ . . g . .

u.(x"Y)=u (—) is a periodic function in x! hav-
€

1
ing period €, equivalently, u(x—) =u(y) is a
€

periodic function in y! possesing period 1. It im-
plies that for any integer k,

ue(xl) = ue(x1 +¢€) = ue(x1 + ke),

that is,
1 1 1

u(x—) :u(x—+1) :u(x—+k1) = u(y1+k).
€ € €

To show the key concept, we focus on the
following case from strain-limiting elasticity [11,
12, 13]:

—div(x(x',|Ducl)Du,) = f in Q, u. = 0 on 6,
(1)

where Du, stands for the classical linearized
strain tensor

1 T
Du. = E(Vue +Vu,).
An equivalent form of (1) is
—div(a(x!,Du,)) = fin Q,uc=00n0Q, (2)

where u € Hj(Q),

Du,
1 - Be(xh)|Dug|

a(x',Du,) =x(x',|Duc)Du, =

is a high-contrast coefficient a(x',)) and as-
sumed to be grately heterogeneous with regard to
x=(x'x?,and fe HL(Q) c L2(Q) C H'(Q)
is an external force.

Let

z::{cem2(9)|05|c|< <1}. 3)

1
:B e(x D)
3. Weak convergence

We review the basic notions of the theory of
two-scale convergence [4, 5]. Two-scale conver-
gence here can be thought as a generalized ver-
sion of the traditional weak convergence in the
Hilbert space L%(Q), which is described below

[4].
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Consider a sequence of functions u, € L?(Q).
By definition, () is bounded in L2(Q) if

limsup/ Iuelzdxs ¢ <00,
e—0 Q

with some positive constant c.

One states that a sequence (u.(x)) € L2(Q)
is weakly convergent to u(x) € I2(Q) as € — 0,
abbreviated by u, — wu, if for any test function
pel*(Q),

lim
e—0 Q

ue(x)-(pdx:/u-(pdx. 4)

Q

Furthermore, a sequence () in L%(Q) is de-
termined to be strongly convergent to u € L?(Q)
when € — 0, represented by u, — u if

lim ue-vedx:/u-vdx, &)
e—0 Q Q

for any sequence (v,) € L?(Q) that is weakly con-
vergent to v € L?(Q).

Over this paper, we let Y = [0, 112 be the cell
of periodicity. (In our case, a periodic cell pos-
sesses the form Y = [0,1] x [0,1].) The mean
value of a 1-periodic function w(y!) is written

as (y) :
(w) E/ w(yHdy',
Yl

where Y1 =[0,1], and y' =e 1x!.

Also, the notation L?(Y) holds here not only
for functions over Y but also for the space of
functions in L?(Y) extended by 1-periodicity to
entire R?. In a similar way, CS‘;I(Y) represents
the space of infinitely differentiable 1-periodic

functions over all R2.

4. Weak two-scale convergence

We recall the following definition of weak
two-scale convergence in L2(Q) [2, 3, 4].

Definition 4.1. Provided a bounded sequence
(ue) in L2(Q). If there is some subsequence,
still represented by u. and a function u(x,y') €
L2QxYhH (where vl=1o, 1]) such that

1
i | o [ocon e
Q (6)
:/ u(x, y) (P h(y")) dxdy!
QxY!

for any h € C;‘e?r(Yl) and any ¢ € C3°(Q), then
such a sequence uc is called weakly two-scale
converge to u(x,y'). This convergence is sym-
bolized by uc(x)—u(x, y").

For vector (or matrix) u,, equation (6) leads
to

lim ,—
e—0 €

1
ue(x)-(IJ(x al )dx

Q

(7N
= / u(x,y") - ®(x,y"dxdy',
QxYl
with any @ € L*(Q; Cper(Y')), whose choice can
be found in [14] (p. 8).

Remark 4.2. For the class of test functions ¢ €
CQ), he C[?S,(Yl) in (6)’s condition, it can be
extended (utilizing the density argument) to the

class of test functions ¢ € C5°(Q), h € LY.

Therefore, the convergence u,— u means the
convergence

xl

ue(x)b(?)—»u(x,yl)b(yl), Vbel®Yh.
(®)

5. Two-scale convergence in Sobolev spaces

This section and its notation follow [4, 5]. Re-
call that a matrix (or vector) Z € L1(Q) is referred
to as solenoidal (writing divZ =divy Z = 0) if

/Z'Dvdx:O VveCy(Q).
Q

Also, a 1-periodic matrix Z = Z(y') e L} (Y} is
named solenoidal (writing div, Z = 0) if

1_ _ 1 00 1
/YIZ-Dvdy =0 Vv=wv(y)eCy(Y).

Let us discuss a few significant functional
spaces.

The space Héer(Yl) is the closure of ngr(Yl)
in L?(Y'!) with regard to the norm

Il :/Y1(|v|2+|Dv|2)dy1-
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The Poincaré inequality holds for the elements of
this space, Vv e H)..(Y") and [, vdy' =0:

per

/|v|2dy156/ |Dv|2dy1. 9)
Yl Yl

Thus, on the subspace of HIl)er(Yl) contain-
ing vector functions with zero mean value, the

above norm has the equivalent form

1/2
Dv|*d 1) ,
[ oy

and this subspace is comparable to the space of
potential matrices (such as classical linearized
strains in elasticity):

Vi (Y ={Dv:ve Hp (Y} (10)

More precisely, Dv € Z as in (3), and we still use
\/got(Yl) to include this given hypothesis in our
paper.

Without confusion of notation, we can define
the periodic Sobolev space Hll)er(Yl) as the clo-
sure of (u, Du), where u € ngr(Yl), in L2(Y1) x
L*(Y"). The elements of Hy,,(Y") are thus pairs
it = (u, z), where the second component z is said
to be the classical linearized strain tensor (the
symmetric part of the gradient of the first com-
ponent u) and is denoted by Du.

It is guaranteed that V3 (V") is a closed sub-
space in L2(Y'!) by the Poincaré inequality, and
each of its elements can be represented by Du
with (u#) = 0 in a unique way. By Theorem 4.7
in [15], every norm-closed subspace of L.2(Y!) is
the annihilator of its annihilator, so we have

Vo= (V2 and V2 = (V2 )t (1)
Thus, the following orthogonal decomposition of
L2(Y'1) holds:

(12)

LYY = Ve (YH @ V2, (YD),
where V2 (Y') is the collection of all solenoidal
(1-periodic) matrices in L2(Y'!).

Recall that we do not discriminate a function
on Y! from its extension to Y as a function of the
first variable only.

According to [16], the gradient’s non-
uniqueness is not really a trouble when deter-
mining an elliptic equation’s solution. The pair
(u, Du) represents the given equation (1)’s so-
lution, and its existence and uniqueness are in-
ferred from the general theory of monotone oper-
ators. There are two factors that make a solution
in this case unique: only one function in H113er and
one of its gradients can make the equation satis-
fied.

We write b = diva in order to demonstrate

that there are b € Lll)er(Yl) and vector-valued

function @ € L} . (Y1) such that

per
/b<pdy1:—/ a-Dpdy' Ve CrR.(Yh.
y! y!
(13)
Equivalently,
/b¢>dy1:—/a-u<pdy1, VpeCPMR).
R R
(14)

Choosing ¢ = 1 in (14), we deduce that each
function b accepting the expression b = diva
posses a mean value of zero:

/ bdy'=0.
Yl

The following theorem is based on [5], as
does its proof.

Theorem 5.1. With a € L2(Y"), the collection
of functions b € L*>(Y'), denoted by b = diva,
is dense in the subspace of functions in L*>(Y!)
having mean value 0.

Proof. Let B represent the collection of func-
tions b € L?(Y'!) that is denoted by b = diva, a €
L%(YY). The annihilator Bt is defined as the
collection of functions k € L?>(Y!) such that
[y kdy'=0and [, kbdy' =0 forany be B.
Recall that Bt = {b* e (L*(Y1)* =
L2(YH|(b*,b) =0 Vb e B}. If we can demon-
strate that B+ = {0}, then it follows that B is dense
in L?(Y!) by invoking Theorem 4.7 in [15] (say-
ing (B1)* is the norm-closure of B in L?(Y1)).
Fixing k € B+, we investigate the periodic
problem: Find (1, Du) € Hy,(Y") such that

cr

(Du-D¢+u¢>)dy1:/ kpdy', (15)
Yl vl
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for any ¢ € Co5,(Y") (being test function, it can
be chosen to be (¢, D) € Héer(Yl)). It is well
known that this issue can be solved. The obvious
result is that k — u € B, and since k € B+, we get
0= [y k(k—wdy' = [, (1kI*—uk)dy'. Apply-
ing the Holder inequality, we obtain

|k|*dy! :/ ukdy'
y! y!

1/2 1/2
([ ) ([ )
yl Yl
/lklzdyls/ luldy'.
vyl vyl

By letting ¢ = u in (15), we have

that 1s,

(16)

/ (IDul?+|ul® dy
Yl

:/ kudy'
Yyl
1/2 1/2
s( |k|2dy1) (/ |u|2dy1) :
vl vl

Therefore,

/|u|2dyls/ |k|?dy!
vyl vl

and
/(|Du|2+|u|2)dy1s/ \kI?dy'.
vyl vyl

This along with (16) yields

|u|2dy1:/ |k|2dy1,/ |Dul?dy' =o0.
vyl Yyl vyl

It holds by the later result that u is constant for
a.e. y! € Y. This information and equation (15)
imply that k is constant for a.e. y' € Y. Since
[y kdy' =0, it follows that k = 0. The proof is
thus finished.

The following theorem and its proof are de-
rived from [5].

Theorem 5.2. Let (u¢) be a sequence in C3°(€2)
such that u.(x) — u(x, yl) and Du.(x) —
z(x,yl). The weak two-scale limit w, which be-
longs to W(l)'Z(Q), is then independent of yl,
that is, u(x,y") = u(x) € Wy*(Q). Further-
more, z(x,y') = Du(x) + v(x,y'), having v €
L*(Q, Vi)

Proof. Note that our case involves second order
tensors. We take h € Lger(Yl) and b € Lger(Yl)
such that b = divh. The identity (14) means that
Yy e Cgo(Q) ,

e/Dw(x)-h(e_lxl)dx:—/w(x)b(e_lxl)dx.
Q Q

a7
Letting ¢ € C3°(Q2), we now use partial differen-
tiation:

/D((p(x)ue(x))-h(e'lxl)dx

Q (18)

:/(ueD(p(x)+(p(x)Due)-h(€_1x1)dx.
Q

This along with (17) implies that

- / (@(x) ue(x))be ' x") dx
Q
:e/ ue(D<p(x)-h(e_1x1))dx
Q
+e/Du€-((p(x)h(€_1x1))dx.
Q

The right hand side goes to zero when € — 0 be-
cause (u¢) and (Du,) two-scale converge weakly
(using assumption). As a result, by proceeding to
the limit component-wise under the assumption
that u.(x) —u(x, y!), we get

/ ux, YN byh)dxdy' =0.
QxY!l

For h € L?(YY), it follows from Theorem 5.1
that the collection of functions b € L?>(Y!) rep-
resented by b = divh (thus [y, b(y") dy' = 0) is
dense in the subspace of functions in L?(Y'!) hav-
ing mean value 0. Thus, u is independent of y*,
that is, u(x, y') = u(x).
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Afterwards, we show that u € W(l)’2 (Q) and
that z(x,yl) = Du(x) + v(x,yl), in which v €
L%(Q,V3,). For he V2 | with

/ hdy' =n, (19)
Yl
and ¢ € C*°()), we obtain the identity
0= / D(pue)-he 'xhdx
Q
= / (¢pDu, + u. ® DP) - (h(e 1 x') dx
Q (20)

_ / Due- (h(e ' x")p(x)) dx
Q

+/ uc - (h(e ' xHYDo(x)) dx.
Q

Proceeding to the limit in the weak two-scale
sense component-wise, we reach

0:/ u(x) - (h(y"Dp(x)) dxdy’
QxYl Q1)

+ / z(x, ¥y - (h(yHox) dxdy'.
Qx Yl
Using (19), we get V¢ € C°(Q),

/u(x)-(nD(/)(x))dxz—/vh(x)(/)(x)dx,
Q Q
(22)

where vj,(x) = [y12(x, y") - h(y") dy*. It follows
from (22) that there exists (h;;) € V2 | such that

/ ujx)Dipx)dx = —/ Un;; (x)p(x)dx,

Q Q 23)
forall ¢ € C*°(Q), i=1,2. Thus, the distribu-
tional partial derivatives D;u; = vy,; of u are in
L2(Q), that is, u € W'?(Q). Furthermore, equa-
tion (23) along with the formula of integration by
parts leads to u € W(l)’2 (Q) for Q having Lipschitz
property. Now, the equality (21) can be expressed
as

/ /z(x,yl)-(h(yl)¢(x))dXdyl

vtJa

:—/ /u(x)-(h(yl)DCP(JC))dJCdJ/l
vtJa

:/ /gb(x)Du(x)-h(yl)dxdyl.
YlJQ

59

(The right hand side was derived via integrating
by parts component-wise.) Hence,

/1/[z(x,yl)—Du(x)]-(cb(x)h(yl))dxdyl:0-
Y+JQ

Since L*(Q,VZ)) is identified as closure in
L2(Q x Y') of the linear span of matrices
gx)h(y"), where g € C°(Q) and h € V2, it
holds that

/ / [z(x,y") - Du(x)]- w(x,y) dxdy' =0,
viJo

for all w e L?(Q,V?2 ). From (11), it is clear

that [z(x, y') - Du(xs)o]1 is in L*(Q, V;,), alterna-
tively, z(x, yl) = Du(x) + v(x, yl), having v €
L*(Q, Vi)

Sequences (ue) in C3°(Q2) have been our fo-
cus thus far. Nevertheless, everything is true also
for sequences (u,) in the variable Sobolev space
W(l)'Z(Q), where W(l)'Z(Q) is determined as the
closure of the set of pairs (u#,Du), where u €
CX(Q), in L*(Y) x L2(Y).

Note that this theorem is in two-dimensional
elasticity, as a special application. More general
n-dimensional results can be found in [5].
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